Dynamical Analysis of α–Euclidean Algorithms

Jérémie Bourdon, Benoit Daireaux, Brigitte Vallée GREYC, Université de Caen, F-14032 Caen (France).

March 4, 2002

Abstract

We study a class of Euclidean algorithms related to divisions where the remainder belongs to [α − 1, α], for some α ∈ [0, 1]. The paper is devoted to the average-case analysis of these algorithms, in terms of number of steps or bit–complexity. This is a new instance of the so–called “dynamical analysis” method, where it is made a deep use of dynamical systems. Here, the dynamical systems of interest have an infinite of branches and they are not markovian, so that the general framework of dynamical analysis is more complex to adapt to this case.

1 Introduction

The complexity of most Euclidean algorithms is now well understood. The first analyses that concern the average number of steps of the standard Euclidean algorithm were obtained around 1969 independently by Heilbronn [10] and Dixon [7], and finally in distribution by Hensley [12] who proved in 1994 that the Euclidean algorithm has Gaussian behaviour. The centered algorithm was studied by Rieger [18]. More recently, Vallée [24] provided a classification of Euclidean algorithms, in terms of the average number of iterations: some of them are “fast”, that is, of logarithmic complexity Θ(log N ) (in average and in worst-case) while others are “slow”, that is, of the “log-squared” type Θ(log^2 N ) in average. (The worst-case complexity of the slow algorithms is not even polynomial in log N , being in fact of order Θ(N )). On the other side, Akhavi and Vallée [1, 25] obtain new results about the precise average bit–complexity of classical Euclidean algorithms. Finally, Vallée [25] proposes a unifying framework for the analysis of the main parameters of gcd-like algorithms. She proves that the algorithms of the Fast Class have a bit-complexity of the “log-squared” type Θ(log^2 N ) in average, while the algorithms of the Slow Class have a bit-complexity of the “log-to-the-three” type Θ(log^3 N ) in average. Furthermore, she exhibits the precise constants that intervene in the mean values.

The class of the α-Euclidean algorihms. However, all the previous analyses deal with some particular cases of Euclidean algorithms, relative to some classical divisions: the standard division relative to a remainder in [0, 1], the centered division, with a remainder in [−1/2, +1/2], or the by-excess division with a remainder in [−1, 0]. With respect to the classification previously described, the first two algorithms belong to the Fast Class, while the third one belongs to the Slow Class. It is thus quite natural to study a “generic” Euclidean algorithm, called the α–Euclidean algorithm, where the remainder has to belong to some interval [α − 1, α], with α ∈ [0, 1]. When the parameter α varies in [0, 1], this gives rise to a whole class of Euclidean algorithms. There are now some natural questions to ask: Are there other values of parameter α for which the algorithm belongs to the Slow Class? How does evolve the number of iterations and the bit–complexity with respect to α? What is the best algorithm of the whole class? In this paper, we provide some answers to these questions.

An example of dynamical analysis. Our approach is an instance of dynamical analysis: It consists in viewing an algorithm of the gcd type as a dynamical system, where each iterative step is a linear fractional transformation (LFT) of the form z → (az + b)/(cz + d). A specific set of transformations is then associated to each algorithm. It appears that the computational complexity of an algorithm is in fact dictated by the collective dynamics of its associated set of transformations.

Technically, this method relies on a description of relevant parameters by means of generating functions, a by now common tool in the average-case of algorithms [8, 9]. As it is usual in number theory contexts, the generating functions are Dirichlet series. They are first proved to be algebraically related to specific operators that are variations of the transfer operator, introduced by Ruelle [19, 20]. Transfer operators (or Ruelle operators) are one of the main tools in dynamical system theory, since they encapsulate all the important informations relative to the “dynamics” of the algorithm; their main analytical property that is useful in dynamical analysis is the existence of a “spectral gap” that separates the (unique) dominant eigenvalue from the remainder of the spectrum. In conjunction with elementary perturbation theory [14], this determines the singularities of Dirichlet series of costs. The asymptotic extraction of coefficients is then achieved by means of Tauberian theorems [6, 23], a primary tool in multiplicative number theory. Average–case estimates of the main parameters finally result. The main thread of dynamical analysis is thus adequately summarized by the chain:

Algorithm ⊏ Dynamical system ⊏ Transfer operator ⊏ Dirichlet series of costs ⊏ Tauberian inversion ⊏ Average-case complexity.

Dynamical systems relative to α–Euclidean algorithms. We are then led to study the transfer operator associated to the dynamical system S_α relative to the α–Euclidean algorithm. Here is the main difference with previous works in dynamical analysis. Previously, the dynamical systems of interest were “complete” –in the sense that all the branches are surjective–, and the transfer operator was proven to be compact on some convenient functional space (usually a space of analytic functions). Here, the involved dynamical system S_α is no longer “complete” –in the sense that there exist some branches that are not surjective–. Generally speaking, it is not even markovian, and thus more complex to study. When parameter α belongs to [1/2, 1], this dynamical system S_α has been first extensively studied by Ito, Tanaka and Nakada [13, 17]. This is why the α–Euclidean algorithms are often called the Japanese algorithms. Then, Moussa, Cassa, Marmi [16] provide an extension of these results to the range α ∈ [ √ 2−1, 1/2]. All these authors are mainly interested in using the “natural extension” method, well explained for instance in [22]. When it can be applied, this method is quite powerful, since it exhibits the explicit form of the invariant density, and often proves the exactness of the system. This is the case when the parameter α belongs to the range [ √ 2 − 1, 1]. However, this “natural extension” method is no longer successful in the range ]0, √ 2 − 1], and it is not possible to prove (with these methods) the existence of an invariant measure in this range.

Dynamical analysis of α–Euclidean algorithms. Even in the range [ √ 2 − 1, 1], the previous results are not sufficient for our purpose, since we actually need to prove the existence of a spectral gap. Moreover, since the dynamical system is not complete, we have to work in more complex functional spaces, where we cannot expect the transfer operator to be compact. However, we can prove it to be quasi–compact on the space of functions with bounded variation. Then, mixing properties entail the existence a unique dominant eigenvalue, so that there exists a spectral gap. Tauberian Theorems can be applied and entail the main results of the paper. Technically, there are some difficulties that are related to the coexistence of two characteristics of the dynamical system: not markovian, with an infinite number of branches. Furthermore, when α > 0 is near 0, even if the system is yet expansive, it is not very expansive. In this case, (for α < α_0 with α_0 ≈ 0.119), we do not succeed proving the existence of an invariant density with bounded variation for system S_α.

Finally, we obtain the following results for α > α_0 with α_0 ≈ 0.119: All the algorithms E_α belong to the Fast Class, and, on valid inputs (u, v) of denominator v less than N , (i) The average number of iterations of the algorithm E_α is asymptotically of logarithm order P_N (α) ∼ 2 h(α) log N

(ii) The average bit–complexity of the algorithm E_α is asymptotically of log-squared order

C_N (α) ∼ Γ(α) log^2 N, with Γ(α) = log 2 h(α) E_α[c].

These mean values involve the entropy h(α) of the dynamical system, together with a constant E_α[c] that involves the mean values of the digits. These constants are explicit when the invariant density itself is explicit, i.e., in the case when α belongs to [ √ 2 − 1, 1] The situation is quite different for α = 0, when the average number of iterations is of log-squared order, and the average bit–complexity is of log-to-the-three order.

Plan of the paper. The plan of the paper follows the main steps of dynamical analysis. Sections 2 and 3 are introductory sections where we recall descriptions of α–Euclidean algorithms together with the general properties of the relative dynamical systems. Then, in Section 4, we adapt the general framework of dynamical analysis to our specific problems: there, we develop the line of attack outlined earlier and introduce successively Dirichlet generating functions, transfer operators of the Ruelle type, and the basic elements of Tauberian theory that are adequate for our purposes. Section 5 is devoted to functional analysis study of the transfer operator, and the main results are established in Section 6.

2 The class of α–Euclidean algorithms.

We first define two Euclidean divisions relative to a parameter α ∈ [0, 1]. Then, we present the Euclidean algorithms associated to these divisions, and introduce the main parameters of interest for the analysis of bit–complexity.

2.1. The α–Euclidean divisions. The standard Euclidean division deals with positive integers a and b that satisfy 0 < b ≤ a. It is of the form a = bq + r with 0 ≤ r < b, so that the rational r/b belongs to the interval [0, 1]. However, one may deal with other Euclidean divisions, where the rational r/b belongs to another interval of length one. More precisely, any interval of the form [α − 1, α] with α ∈ [0, 1] may be of interest. The main classical cases are α = 1 (standard division), α = 1/2 (centered division), α = 0 (by–excess division). Here, we consider any real α in [0, 1], and we define the α–Euclidean division on pairs (a, b) of positive integers, a = bq̄ + r̄ with α − 1 ≤ r̄ b ≤ α. The pair (q̄, r̄) is easily computed from the standard pair (q, b) since { q := q, r := r, if 0 ≤ r < αb, q := q + 1, r := r − b, if αb ≤ r < b. (1) This division can be easily extended to a pair (a, b) when a and b are not of the same sign: one deals with the pair (εa, b) where ε is the sign of a/b.

For instance, the standard division, and the 2/3 division between 75 and 13 are respectively

(Standard Division: ) 75 = 13×5+10, 2/3–Division: 75 = 13×6−3, (Since 10 > 13 × (2/3) )

Now, we can “fold” the interval [α − 1, α] and obtain the interval [0, α^+], where α^+ = max(α, 1 − α), so that α^+ always belongs to [1/2, 1]. The folded α–Euclidean division acts on pairs (a, b) of positive integers a = b^q + ^ε ^r with 0 ≤ ^r b ≤ α^+. The triple (^q, ^r, ^ε) is easily computed from the standard pair (q, b) since { ^q := q, ^r := r, ^ε = +1, if 0 ≤ r < αb, ^q := q + 1, ^r := b − r, ^ε = −1, if αb ≤ r < b. (2)

We remark that ^q and q are the same and they are both defined by ^q = q = ⌊ a b + 1 − α⌋, where ⌊.⌋ denotes the (usual) integer part.

2.2. The α–Euclidean algorithms. One associates to each Euclidean division a Euclidean algorithm. Here, the Euclidean algorithm relative to the α–division is called the α–Euclidean algorithm (folded or unfolded). The unfolded version is denoted by E_α, and the folded version is denoted by ^E_α. Each version performs a sequence of iterations, and each iteration consists in an α–division followed by an exchange. When given an input (v_1, v_0) that satisfies (α − 1)|v_0| ≤ v_1 ≤ α|v_0|, the algorithm E_α performs a certain number p of α–unfolded divisions

v_0 = ε̄_1(q̄_1v̄_1 + v̄_2), v_1 = ε̄_2(q̄_2v̄_2 + v̄_3), . . . , v̄_{p−1} = ε̄_p(q̄_pv̄_p + 0) (3)

and decomposes the rational x := (v_1/v_0) as (v_1/v_0) = h̄_1 ∘ h̄_2 ∘ . . .∘ h̄_p(0), where the h̄_i’s are linear fractional transformations (LFT) of the form

h̄_i = h̄_{[q̄i ,ε̄i]} with h̄_{[q,ε]}(x) = ε q + x . The pair m := [q̄, ε̄] is called the digit-pair of the LFT h. The algorithm then computes the unfolded α–continued fraction expansion of rational x = (v_1/v_0), (UCF_α-expansion for short),

v_1 v_0 = ε̄_1 q̄_1 + ε̄_2 q̄_2 + ε̄_3 q̄_3 + ε̄_4 .. . + ε̄^p q_p

. (4)

When given an input (v_1, v_0) of positive integers that satisfy 0 ≤ v_1 ≤ α^+v_0, the algorithm ^E_α performs a certain number p of α–folded divisions

v_0 = ^q_1v_1 + ^ε_1^v_2, v_1 = ^q_2^v_2 + ^ε_2^v_3, . . . , ^v_{p−1} = ^q_p^v_p + 0 (5)

and decomposes the rational x := (v_1/v_0) as (v_1/v_0) = ^h_1 ∘^h_2 ∘ . . .∘^h_p(0), where the ^h_i’s are linear fractional transformations (LFT) of the form ^h_i = ^h_[ ^qi,^εi] with ^h_{[q,ε]}(x) = 1 q + εx . The pair m := [^q, ^ε] is called the digit-pair of the LFT. The algorithm then computes the folded α–continued fraction expansion of rational x = (v_1/v_0), (FCF_α-expansion for short),

v_1 v_0 = 1 ^q_1 + ^ε_1 ^q_2 + ^ε_2 ^q_3 + ^ε_3 .. . + ^ε^{p−1} ^q_p

. (6)

In fact, both executions of the two E_α algorithms (the folded one and the unfolded one) on the same pair (v_1, v_0) of positive integers that satisfies 0 ≤ v_1 ≤ α^+v_0 are almost exactly the same. Comparison between (6) and (4) provides the relations

^ε_0 = 1, ε̄_1 = sign(v_0), ^q_i = q̄_i, and ^ε_i = i+1∏ i=2 ε̄_j for i ≥ 1, (7)

and at each step ^v_i = |v̄_i|. In both cases, the last non-zero integer v_p is the gcd of the pair (v_1, v_0). Since both Euclidean algorithms are very similar, we do not always need to differentiate them. In this case, we shall speak about the α–Euclidean algorithm, that we denote by E_α

2.3. Bit-complexity of the α–Euclidean algorithm. We consider the bit-cost C(v_1, v_0) of one of the algorithms E_α on input (v_1, v_0). Each iteration consists in a α–division of the form (3) or (5) followed by one exchange. When performing such a division, one proceeds as in (1) or in (2): one first carries out the standard Euclidean division, then one makes a comparison between r and b, and finally one possibly performs a subtraction when ε is negative. Then the cost of each iteration is a product involving the binary length ℓ(v_i) of integer v_i and the cost c(h_i) relative to the LFT h_i, where

c(h_{[q,ε]}) = ℓ(q) + 2 + 1 − ε 2 . (8)

We will see that it is possible (for the asymptotics) to replace ℓ(v_i) by log_2(v_i) that is easier to analyse. Then, when the algorithm performs p iterations on input (v_1, v_0), the rational v_1/v_0 is written as v_1/v_0 = h_1 ∘ . . . ∘ h_p(0), and the bit-cost C(v_1, v_0) is of the form

C(v_1, v_0) = p∑ i=1 log_2(v_i) × c(h_i) with c(h_i) = ℓ(q_i) + 2 + 1 − ε_i 2 . It involves three main parameters: the number p of divisions performed by the algorithm, the digits m_i = [q_i, ε_i] and the integers v_i. The first two parameters are easily computed from the FCF_α-expansions (6) and (4), and the integers v_i too: The truncated FCF h_{i+1} ∘ . . . ∘ h_p(0) defines a rational of the form u_i/w_i with gcd(u_i, w_i) = 1. The integer v_i is related to denominator w_i via the relation

v_i = gcd(v_1, v_0) w_i = gcd(v_1, v_0) D[h_{i+1} ∘ . . . ∘ h_p](0), (9)

where D[h] denotes the denominator of LFT h.

As in [24], we may study more general costs. When given an input pair (u, v), we consider the rational x = u/v, and we deal with two quantities S[c], K[c] that depend only on x,

S[c](x) := p(x)∑

i=1 c(m_i(x)), K[c](x) := p(x)∑

i=1 c(m_i(x)) log w_i(x). (10)

The third quantity M [c] depends on the pair (u, v) itself and describes the main cost to be studied.

M [c](u, v) := p(u,v)∑

i=1 c(m_i(u, v)) log v_i(u, v). (11)

The relation (9) entails the equality

M [c](u, v) = log gcd(u, v) S[c]( u v ) + K[c]( u v ) (12)

that allows us to focus on costs S[c] and K[c].

2.4. Average values of costs. Here, I_α denotes one of the two basic intervals I_α := [α − 1, α] or ^I_α := [0, α^+]. We consider the following sets

Ω̃ := {(u, v); u v ∈ I_α}, Ω := {(u, v); gcd(u, v) = 1, u v ∈ I_α}, Ω̃_N := {(u, v) ∈ Ω̃, v ≤ N }, Ω_N := {(u, v) ∈ Ω, v ≤ N }, for the possible inputs of the E_α algorithm. We wish to study the mean value of M [c] on Ω_N and Ω̃_N , and, thanks to relation (12), we also study the mean values of S[c] and K[c] on these sets. Notice that the equality M [c](u, v) = K[c](u/v) holds as soon as (u, v) belongs to Ω.

We denote by X(u, v) one of the three costs defined in (10), (11) and by E_N [X] or Ẽ_N [X] their mean values on Ω_N and Ω̃_N . We aim to evaluate the asymptotic behaviour (for N → ∞) of these quantities

E_N [X] = X_N |Ω_N | , Ẽ_N [X] = X̃_N |Ω̃_N |

, with X_N := ∑ (u,v)∈Ω_N X(u, v), X̃_N := ∑ (u,v)∈Ω̃_N X(u, v). 3 Dynamical systems.

We now relate α–Euclidean algorithms with some dynamical systems that can be viewed as their continuous counterpart. These dynamical systems, denoted by S_α, are often called Japanese Euclidean systems. They have been extensively studied by Nakada [17] and Moussa, Cassa, Marmi [16], relative to these two α– Euclidean algorithms. These dynamical systems will be the main supports of our analysis. In this Section, we describe these systems and recall their main properties.

We begin by recall some basic facts about dynamical systems (of the interval). A dynamical system is a pair S = (I, T ) formed with a real interval I and a mapping T : I → I that satisfies the following: The interval I admits a topological partition P that defines a denumerable family of intervals. The restriction of T to each interval is monotone and C^2. Then, with an input x ∈ I, the system gives rise to a trajectory (x, T x, T^2x, . . .) Denote by H the set of inverse branches of T . Then H^n is the set of possible inverse branches of T^n, and H^⋆ := ∪_{n≥1}H^n is the set of all possible inverse branches. Each h of H^⋆ is a mapping h : J_h → I_h. For h ∈ H^n, the interval I_h is called a fundamental interval of depth n. For n = 1, these intervals are just the intervals related to initial partition P. For n > 1, a fundamental interval I_h relative to the inverse branch h : h_1 ∘ h_2 ∘ . . . ∘ h_n gathers all the reals x for which each iterate T^{j−1}(x) belongs to I_{hj} . When each branch of T (and then each inverse branch) is labelled by some digit, the fundamental interval I_h can be labelled by the same digit.

3.1. Unfolded and folded dynamical systems. They are both related to some generalized integer part, that we call the α–integer part. This quantity is defined as σ_α(x) := ⌊x + 1 − α⌋. where ⌊x⌋ = σ_1(x) denotes the usual integer part of x.

The unfolded α–dynamical system, denoted by S_α, is related to interval I_α = [α − 1, α], and involves the shift T T (x) = | | | 1 x | | | − σ^α (| | | 1 x | | | ) for x ≠ 0, T (0) = 0.

This gives rise to a numeration process where the digits produced are of the form m(x) := (q(x), ε(x)) with q(x) = σ_α (| | | 1 x | | | | ) , ε(x) = sign(x).

(α − 1, α − 1)

(α, α)

Figure 1: The family of dynamical systems S_α.

The inverse branches of T are of the form h̄_{[q,ε]}(x) = ε/(q + x). This dynamical system appears in a quite natural manner: First, we draw the set of all the maps F_i defined on [−1, 1] \ {0} by

F_i(x) = | | | 1 x | | | − i, for any integer i ≥ 1. Then, we only “keep” the window I_α × I_α = [α − 1, α] × [α − 1, α], and we obtain the representation of the dynamical system S_α (see Figure 1).

The folded dynamical system, denoted by ^S_α, is related to interval ^I_α = [0, α^+], with α^+ = max(α, 1 − α) and involves the shift ^T ^T (x) = | | | | 1 x − σ_α ( 1 x )| | | for x ≠ 0,

^T (0) = 0.

This gives rise to a numeration process where the digits produced are of the form ^m(x) := (^q(x), ^ε(x)) with ^q(x) = σ_α ( 1 x ) , ^ε(x) = sign ( 1 x − σ_α( 1 x ) ) . The inverse branches of ^T are of the form h̄_{[q,ε]}(x) = 1/(q + εx). The representation of this folded dynamical system ^S_α is easily obtained by folding the representation of the unfolded system S_α. One first uses a folding along the y-axis, then along the x–axis (See Figure 2).

It is then clear that the properties of both dynamical systems S_α are similar. The unfolded one (S_α) is more natural from the dynamical point of view, while the folded one ( ^S_α) is more natural from the computational point of view. Furthermore, the execution of the α–Euclidean algorithm on some valid input (u, v) is exactly described by the trajectory of rational x = u/v under the action of dynamical system S_α, namely the sequence (x, T x, T^2x, . . .) that becomes stationary when the p–th iterate T^p(x) attains 0.

Figure 2: Representation of an unfolded dynamical system and its folded version.

3.2. Fundamental intervals and digits. The integer pair m := [q, ε] is called the digit. The α– algorithms do not use all digits of the set N^+ × {+, −}. The set D_α of the possible digits is the same for both algorithms relative to the same value α. It involves the values of

r^+(α) := σ_α( 1 α ) = ⌊1 +

1 − α^2 α ⌋ r^−(α) := σ_α( 1 1 − α ) = ⌊2 + α^2 1 − α ⌋, under the form D_α = {[q, −] | q ≥ r^−(α)} ⋃ {[q, +] | q ≥ r^+(α)}. Note that r^−(α) (resp. r^+(α)) tends to infinity whenever α tends to 1 (resp. 0). The set of all possibles inverse branches is denoted by H_{[α]}.

There are three different ranges for parameter α, delimited by the two numbers √ 2 − 1 and ϕ − 1 (here ϕ is the golden ratio ϕ = (1 + √ 5)/2): The right range is the interval [ϕ − 1, 1] where r^+(α) = 1, and r^−(α) ≥ 3;

the central range is the interval [ √ 2 − 1, ϕ − 1] where r^+(α) = 2, and r^−(α) = 2; the left range is the interval [0, √ 2 − 1] where r^+(α) ≥ 3, and r^−(α) = 2; The first change of range at ϕ − 1 arises when the digit [1, +] disappears, and the second change of range arises the digit [2, +] disappears. The partition of I_α relative to S_α is formed by the intervals

I_{[q,+]} = [ 1 q + α , 1 q + α − 1 ] with q ≠ r^+(α), and I_{[r}+_{(α),+]} = [ 1 r^+(α) + α , α],

I_{[q,−]} = [ −1 q + α − 1 , −1 q + α ] with q ≠ r^−(α) and I_{[r}−_{(α),−]} = [1 − α, −1 r^−(α) + α ]. The restriction of shift T to I_{[q,ε]}, denoted by T_{[q,ε]} is given by T_{[q,ε]}(x) = (ε/x) − q, and maps the interval I_{[ε,q]} on the interval J_{[q,ε]}. All the intervals J_{[q,ε]} equal I_α except for the two extremal branches where

J_{[r}−_{(α),−]} = [ 1 α − 1 + r^−(α), α], J_{[r}+_{(α),+]} = [ 1 α − r^+(α), α].

The partition of ^I_α relative to ^S_α is obtained by “folding” Ī_α onto ^I_α.

3.3. Characteristics of dynamical systems S_α. The three classical cases α = 0, 1, 1/2 lead to three dynamical systems that are not at all generic instances of the class. In this cases, both versions of S_α are markovian, and often “complete” in the sense that all its branches define surjective mappings. This is quite different in the “generic” case where the two extremal branches are “incomplete”. Generally speaking, this dynamical system is not even Markovian.

S_0 S_{1/2} S_1

^S_0 ^S_{1/2} ^S_1

Figure 3. Classical examples of continued fraction expansions (α = 0, 1/2, 1) We recall the definition of a Markovian dynamical system: A system S = (I, T ) relative to a partition P of interval I is markovian if the set T^⋆ := ⋃ n≥1 T^n(P) (13)

is finite.

The system S_α has at most two incomplete branches (that are the extremal ones), so that T (P) = {α, α − 1, T (α), T (α − 1)}. It may be markovian only in two cases:

(i) Both sequences T^i(α) and T^i(α − 1) are stationary at 0, which happens if and only if α is rational. (ii) There exists an integer i ≥ 1 for which {T^i(α), T^i(α − 1)} ⊂ {T^j(α), 0 ≤ j < i} ⋃ {T^j (α − 1), 0 ≤ j < i}, which may happen only if α is irrational quadratic. Note that there exist relations inside points of T^⋆, namely

T (α − 1) = T^2(α) for √ 2 − 1 ≤ α < ϕ − 1, T^2(α − 1) = T^2(α) for ϕ − 1 ≤ α ≤ 1.

3.4. Invariant density. The existence and the unicity of an invariant density is central in the study of a general dynamical system. The following result, due to Nakada [17] and Moussa, Cassa, Marmi [16], describes the invariant density of dynamical system S_α when α belongs to the central or to the right range. Theorem. [Nakada, Moussa, Cassa, Marmi] For α ≥ √ 2 − 1, the dynamical system S_α admits a unique invariant density ψ^{[α]}, with an explicit form. This explicit form is different in the right range [ϕ − 1, 1] and in the central range [ √ 2 − 1, ϕ − 1]:

for ϕ − 1 ≤ α ≤ 1,

ψ^{[α]}(t) = 1 log(1 + α) 1 2 + t when t ∈ [α − 1, 1 − α α [, 1 1 + t when t ∈ [ 1 − α α , α[, for 1/2 ≤ α ≤ ϕ − 1,

ψ^{[α]}(t) = 1 log ϕ

1 ϕ^2 + t when t ∈ [α − 1, 1 − 2α α [, 1 2 + t when t ∈ [ 1 − 2α α , 2α − 1 1 − α [, 1 ϕ + t when t ∈ [ 2α − 1 1 − α , α[, for √ 2 − 1 ≤ α ≤ 1/2,

ψ^{[α]}(t) = 1 log ϕ

1 ϕ^2 + t when t ∈ [α − 1, 2α − 1 1 − α [, 1 ϕ^2 + t + 1 ϕ + t − 1 2 + t when t ∈ [ 2α − 1 1 − α , 1 − 2α α [, 1 ϕ + t when t ∈ [ 1 − 2α α , α[. The invariant density ^ψ^{[α]} is obtained by folding the density ψ^{[α]}. Moreover, the dynamical systems S_α and ^S_α are mixing.

For α ≥ √ 2 − 1, the invariant density has suprisingly a simple expression, since it has at most two discontinuities at points T (α − 1) and T (α). Remark that this density may have a priori discontinuities at each point of set T^⋆ defined in (13). The existence of an invariant density is not known in the left range [0, √ 2 − 1].

Moussa, Cassa and Marmi [16] proved the existence of the invariant measure for some particular values of α in the left range (e.g., α = 2 − ϕ, α = 2/5) when exhibiting its explicit form. They note that this explicit form involves in these cases an infinite number of terms of the form 1/(a_k + x).

3.5. Entropy. The entropy h(α) of the dynamical systems S_α is closely related to the mean value E_α [| log x|] of the variable x → | log x| with respect to invariant density ψ^{[α]}. Since |T^′(x)| = 1/x^2,

E_α [| log x|] := ∫ I_α | log t| ψ^{[α]}(t)dt = 1 2 ∫ I_α log |T^′(t)| ψ^{[α]}(t)dt = h(α) 2 , so that explicit values of entropy are obtained in each range,

h(α) = π^2 6 log ϕ

, for α ∈ [ √ 2 − 1, ϕ − 1] , π^2 6 log(α + 1)

,, for α ∈ [ϕ − 1, 1] .

(14)

3.6. Mean value of the binary length of digits. Denote by m the digit–function that associates to x ∈ I_α the pair m(x) := [q(x), ε(x)]. Consider any digit-cost c : D_α → R^+ such that c ∘ m is in L^1. It is possible to compute the average value of c ∘ m with respect to any density f. When the density is the invariant density ψ^{[α]}, this mean value, denoted by E_α [c], equals

E_α [c] := ∫ I_α c(m(t)) ψ^{[α]}(t)dt = ∑ m∈D_α c(m) ∫ I_m ψ^{[α]}(t)dt. (15)

We are interested in the case when the cost c is the binary length ℓ of digit q. In the central and right ranges, the expression is completely explicit but not so simple to write. Here, we provide the expression of this constant for particular values of parameter α. These particular values ϕ_p belong to the right range and correspond to Markovian dynamical systems where the leftmost branch is complete and the point T (α) = 1/α − 1 is the endpoint of a fundamental interval relative to digit r = 2^p − 1. More precisely, the value ϕ_p satisfies T (α − 1) = α − 1, T (α) = 1 α − 1 = 1 r + α ; it is thus an irrational quadratic of the form

α = ϕ_p := 1 2 ( −r + √ r^2 + 4r ) , with r = 2^p − 1, p ≥ 1.

Finally, the average digit-cost E_α[ℓ] relative to the binary length of digit satisfies, for α = ϕ_p,

E_α[ℓ] = log_{(1+α)}[(2 + α) p∏ k=2 2^k + α 2^k − 1 + α ∞∏ k=p+1 2^k + 2α − 1 2^k + 2α − 3

]. (16)

3.7. Mean value of the sign. The mean value of the sign ε, (with respect to ψ^{[α]}) and the mean value of the sign ^ε, (with respect to ^ψ^{[α]}) are equal. This is due to the strong relation that holds between the signs of the different algorithms (7). One has

E_α [ 1 − ε 2 ] := Pr_α [ε = −1] = log 2 log ϕ

− 1, for α ∈ [ √ 2 − 1, ϕ − 1] , log 2 log(α + 1)

− 1, for α ∈ [ϕ − 1, 1] .

(17)

3.8. Density transformer and transfer operator. For a general dynamical system S, the density transformer (or the Perron-Frobenius operator) describes the evolution of the densities when iterating shift T . It is defined as H[f](x) := ∑ h∈H |h^′(x)| f ∘ h(x) 1_{Jh} (x). If f is the initial density on interval I, then H[f] is the density after one iteration of shift T . Then, an invariant density is exactly an eigenfunction of H relative to the eigenvalue 1.

In the sequel, an extension of the density transformer, that is called the transfer operator (or the Ruelle operator) plays a fundamental rôle. It depends on a (complex) parameter s and is defined as

H_s[f](x) := ∑ h∈H |h^′(x)|^{s/2} f ∘ h(x) 1_{Jh} (x), (18) so that H_2 = H. Moreover, the n–th iterate of H_s can be written as

H^n_s [f](x) := ∑ h∈H^n |h^′(x)|^{s/2} f ∘ h(x) 1_{Jh} (x).

4 Dynamical analysis: First steps.

We present here the main tools involved in the analysis of the α-Euclidean algorithms. We mainly deal with Dirichlet generating functions that are relative to costs, so that the average cost involves partial sums of coefficients of these Dirichlet series. We then use Tauberian Theorems that transfer the analytical behaviour of a Dirichlet series near its singularities into an asymptotic form for its coefficients. Then, when viewing the algorithm as a dynamical system, we relate generating functions of costs to the Ruelle operator associated to the algorithm.

4.1. Dirichlet generating functions We recall that we consider

Ω̃ := {(u, v); u v ∈ I_α}, Ω := {(u, v); gcd(u, v) = 1, u v ∈ I_α}, Ω̃_N := {(u, v) ∈ Ω̃, v ≤ N }, Ω_N := {(u, v) ∈ Ω, v ≤ N }, for the possible inputs of the E_α algorithm. We introduce the following Dirichlet generating functions of costs, F (s) := ∑ (u,v)∈Ω 1 v^s = ∑ n≥1 a_n n^s , F̃ (s) := ∑ (u,v)∈Ω̃ 1 v^s = ∑ n≥1 ã_n n^s , (19)

G_X (s) := ∑ (u,v)∈Ω 1 v^s X(u, v) = ∑ n≥1 x_n n^s , G̃_X (s) := ∑ (u,v)∈Ω̃ 1 v^s X(u, v) = ∑ n≥1 x̃_n n^s , (20)

where a_n, ã_n are the number of pairs (u, v) of Ω or Ω̃ with fixed v = n, and x_n, x̃_n are the cumulative values of cost X on pairs (u, v) of Ω or Ω̃ with fixed v = n. Then, there are alternative expressions for the expectation of costs on sets Ω_N or ~Ω_N ,

E_N [X] = ∑ n≤N x_n ∑ n≤N a_n , Ẽ_N [X] = ∑ n≤N x̃_n ∑ n≤N ã_n , that involve sums of coefficients of previous Dirichlet series.

4.2. Tauberian Theorems. In the remainder of the paper, we aim to apply the following Tauberian Theorem to the previous Dirichlet series F, G_X defined in (19) and (20) in order to estimate their coefficients.

Tauberian Theorem. [Delange] Let F (s) be a Dirichlet series with non negative coefficients such that F (s) converges for ℜ(s) > σ > 0. Assume that (i) F (s) is analytic on ℜ(s) = σ, s ≠ σ, and (ii) for some γ ≥ 0, one has, for s near σ, F (s) = A(s)(s − σ)^{−γ−1} + C(s), where A, C are analytic at σ, with A(σ) ≠ 0. Then, as N → ∞, ∑ n≤N a_n = A(σ) σΓ(γ + 1)

N^σ log^γ N [1 + ε(N ) ], ε(N ) → 0.

We first examine the case of functions F (s), F̃ (s) that are closely linked to the Riemann series ζ(s),

ζ(s) := ∑ v≥1 1 v^s , via the equalities F̃ (s) = ζ(s) F (s), and F̃ (s) = ζ(s − 1). Then, classical properties of the ζ function entail that the Tauberian Theorem applies to F (s) and F̃ (s), with σ = 2 and γ = 0. More precisely, at s = 2, one has: (s − 2)F (s) ≃ 6/π^2.

It is not a priori clear how to directly apply Tauberian Theorems to G_X (s). In the following, we obtain alternative expressions for G_X (s), G̃_X (s) from which the location and the nature of their singularities will become apparent. Our analysis involves suitable Ruelle operators that can be viewed as extensions of density transformers when one introduces some complex parameter s.

Since the first two costs X in (10) depend only on the rational (u/v), there exists a relation between G_X and G̃_X , namely G̃_X (s) = ζ(s)G_X (s). The last cost, defined in (11), involves integers v_i, and depends on pair (u, v) itself, so that, with (12),

G_{M[c]}(s) = G_{K[c]}(s), ~G_{M[c]}(s) = −ζ^′(s)G_{S[c]}(s) + ζ(s)G_{K[c]}(s). (21)

Altogether, it is sufficient to analyse the first two costs S[c] and K[c] on the set Ω_N .

4.3. Ruelle operators of costs. The Ruelle operator R_{s,h} relative to a LFT h defined on the interval J_h depends on some complex parameter s and is defined as

R_{s,h}[f](x) := 1 D[h](x)^s f ∘ h(x) 1_{Jh} (x), (22)

where D[h] denotes the denominator of the linear fractional transformation (LFT) h, defined for h(x) = (ax + b)/(cx + d) with a, b, c, d coprime integers by D[h](x) := |cx + d| = | det h|^{1/2} |h^′(x)|^{−1/2}. Then, for a LFT h of determinant 1, the operator R_{s,h} is exactly a term of the density transformer H_s defined in (18) Once a cost function c relative to the LFT h has been fixed, one can define another Ruelle operator relative to h,

R^{[c]}_{s,h}[f](x) := c(h) D[h](x)^s f ∘ h(x) 1_{Jh} . (23)

Now, given an algorithm and a set H of LFT’s used in one step of the algorithm, the Ruelle operators relative to H are defined in (18) and alternatively by

H_s := ∑ h∈H R_{s,h}, H^{[c]}_s := ∑ h∈H R^{[c]}_{s,h}. (24)

In all cases, the multiplicative property of denominator D, i.e., D[h ∘ g](x) = D[h](g(x)) D[g](x) is translated into a multiplicative property on Ruelle operators: given two LFT’s, h and g, the Ruelle operator R_{s,h∘g} associated to the LFT h ∘ g is exactly the operator R_{s,g} ∘ R_{s,h}. In particular, the Ruelle operator relative to set H^n is the n–th iterate H^n_s and the Ruelle operator relative to the semi-group H^⋆ is the quasi–inverse (I − H_s)^{−1}.

4.4. Ruelle operators and Dirichlet generating functions. We now show how the Ruelle operators associated to the algorithms intervene in the evaluation of the generating functions of costs G_X (s), G̃_X (s). We recall that it is sufficient to study G_X for one of the two costs of (10). We consider here the E_α algorithm and its set of LFT’s H_{[α]}. The index α will be ommitted in the sequel of this section. The Ruelle operators H_s, H^{[c]}_s relative to H will play a central rôle in the analysis. An execution of the algorithm on the input (v_1, v_0) of Ω performing p steps decomposes the rational (v_1/v_0) as

(v_1/v_0) = h_1 ∘ h_2 ∘ . . . ∘ h_p(0). (25)

The choice of an index i, 1 ≤ i ≤ p, splits the LFT h = h_1 ∘ h_2 ∘ . . . ∘ h_p into three different parts: the beginning part b_i(h) := h_1 ∘ h_2 ∘ . . . ∘ h_{i−1}, the ending part e_i(h) := h_{i+1} ∘ h_{i+2} ∘ . . . ∘ h_p, and finally the i-th component h_i. Then, as in (9), the following equality holds:

D[e_i(h)](0) = w_i = v_i gcd(v_1, v_0)

(26)

For some operator L_s that depends on parameter s, the operator ΔL_s is defined by

ΔL_s := − 1 log 2 d ds L_s.

When applied to R_{s,h} defined in (22), it is well-suited to the problem since it produces at the numerator the logarithm log_2 D[h]. When applied to R_{s,bi(h)}, it produces at the numerator, via (26), the quantity log_2 w_i. We now introduce our main operators, that are all built according to the same principles: each of them is precisely related to one of the generic costs X defined in (10), and the generic operator, relative to generic cost X, is denoted by X_{s,h}. If h is a LFT of depth p, the operator X_{s,h} is expressed as a sum of p terms each of which may involve ΔR_{s,bi(h)}, ΔR_{s,ei(h)} and R^{[c]}_{s,hi} ; however, the precise form of X_{s,h} depends on cost X. The operators relative to the studied costs S[c] and K[c] are respectively

for X = S[c], X_{s,h} = p∑ i=1 R_{s,ei(h)} ∘ R^{[c]}_{s,hi} ∘ R_{s,bi(h)},

for X = K[c], X_{s,h} = p∑ i=1 ΔR_{s,ei(h)} ∘ R^{[c]}_{s,hi} ∘ R_{s,bi(h)}. We claim that, when applied to function f = 1 and point x = 0, each operator X_{s,h} generates the cost X(v_1, v_0) of the algorithm on input (v_1, v_0) of Ω

X_{s,h}[1](0) = 1 v^s_0

X(v_1, v_0), when (v_1, v_0) ∈ Ω satisfies v_1 v_0

= h(0) with h ∈ H^⋆.

Now, when (v_1, v_0) is a general element of Ω, the LFT h defined by (25) is a general element of set H^⋆, so that we obtain alternative expressions of the main Dirichlet series F, G_X defined in (19) and (20)

F (s) := ∑ (v_1,v_0)∈Ω 1 v^s_0 = ∑ h∈H^⋆ R_{s,h}[1](0) and G_X (s) := ∑ (v_1,v_0)∈Ω 1 v^s_0

X(v_1, v_0) = ∑ h∈H^⋆ X_{s,h}[1](0).

Now, when h is a general element of H^⋆ and i a general index in [1..p], the beginning part b_i(h) and the ending part e_i(h) are general elements of H^⋆, while h_i is a general element of H. Then, the following expressions

G_{S[c]}(s) = (I − H_s)^{−1} ∘ H^{[c]}_s ∘ (I − H_s)^{−1}[1](0),

G_{K[c]}(s) = Δ[(I − H_s)^{−1}] ∘ H^{[c]}_s ∘ (I − H_s)^{−1}[1](0),

involve Ruelle operators H_s and H^{[c]}_s defined in (24), and finally,

G_{K[c]}(s) = (I − H_s)^{−1} ∘ ΔH_s ∘ (I − H_s)^{−1} ∘ H^{[c]}_s ∘ (I − H_s)^{−1}[1](0).

Now, we use relation (21), and we obtain the main result of this section:

Theorem 1. The main Dirichlet series of interest admit alternative expressions that involve the quasi– inverse of the transfer operator H_s relative to the dynamical system S. More precisely, the main terms (i.e., the terms that contain the maximal number of occurrences of the quasi–inverse (I − H_s)^{−1}) of the Dirichlet series F (s) and the two Dirichlet series G_X (s) relative to the depth X = p and bit–complexity X = C can be written as F (s) = (I − H_s)^{−1}[1](0), G_p(s) = (I − H_s)^{−2} ∘ H_s[1](0), G_C(s) = (I − H_s)^{−1} ∘ ΔH_s ∘ (I − H_s)^{−1} ∘ H^{[c]}_s ∘ (I − H_s)^{−1}[1](0).

In the following section, we shall study the properties of the transfer operator H_s, and prove that Tauberian Theorem can be applied to these Dirichlet series.

5 Spectral properties of the transfer operator.

We study in this section main properties of the transfer operator relative to the S_α dynamical systems. As we said previously, these dynamical systems are not so easy to study, because of two main facts: first, they have a denumerable number of branches; second, they are not Markovian (in the general case). Most of the classical results are stated for dynamical systems that possess one of two properties: they are Markovian or they have a finite number of branches.

5.1. Dynamical systems with good properties. We work in a classical functional space, namely the space of functions with bounded variation. We shall prove in the sequel that, provided that the dynamical system S satisfies some “good” properties, the transfer operator H_s fulfills all the needed properties.

Definition. Consider a dynamical system S = (I, T ) that satisfies the following: The interval I admits a topological partition P that defines a denumerable family of intervals. The restriction of T to each interval is monotone and C^2. Denote by H the set of inverse branches of T . Then H^n is the set of possible inverse branches of T^n, and H^⋆ := ∪_{n≥1}H^n is the set of all possible inverse branches. Each h of H^⋆ is a mapping h : J_h → I_h. We denote by δ_h the supremum δ_h := sup_{Jh} |h^′|. We consider the following properties:

(p0) There exist a real constant b > 0 and an exponent β for which |h^′(x)| ≥ b|h(x)|^β, ∀h ∈ H, ∀x ∈ J_h. (p1) There exists a real constant γ < 1 for which δ_h ≤ γ, ∀h ∈ H. (p2) There exists a real constant c > 0 for which |h^{′′}(x)| ≤ c|h^′(x)| ∀h ∈ H, ∀x ∈ J_h. (p3) All the quantities ℓ_n defined as ℓ_n := inf{|J_h|, h ∈ H^n, |J_h| > 0} are strictly positive. (p4) All the quantities D_n := ∑ h∈H^n δh are finite and there exists D such that for all n ≥ 1, one has Dn ≤ D.

Definition. A dynamical system S := (I, T ) is topologically mixing if it satisfies the following property: (p5) For any pair of two nonempty opensets (V, W ), there exists n_0 ≥ 1 such that T^{−n}V ∩ W ≠ ∅ for all n ≥ n_0.

Remark 1. When the dynamical system has a finite number of branches, properties (p2) and (p3) are always fulfilled. When the system is Markovian, properties (p3) and (p4) are always fulfilled. Remark 2. Remark first that if T satisfies properties (p1), (p2), then, for any integer n ≥ 1, the iterate T^n also satisfies the same properties. More precisely, one can choose (see [15] or [4])

γ_n = γ^n, c_n = c n−1∑ i=0 γ^i ≤ c 1 − γ .

Remark 3. With (p1) and (p2), the following property holds (see [15] or [4]): (p6) There exists d > 0 such that for any n ≥ 1, for any h ∈ H^n one has: sup_{Jh} |h^′(x)| ≤ d inf_{Jh} |h^′(x)|. Then, one has, sup_{Jh} |h^′(x)| ≤ d inf_{Jh} |h^′(x)| ≤ d |J_h| ∫ J_h |h^′(x)|dx = d |I_h| |J_h| ≤ d sup_{Jh} |h^′(x)|, (27)

so that one gets D_n ≤ (d/ℓ_n).

Remark 4. By using Property (p1) (for ρ ≥ 1) and Property (p0) (for ρ < 1), one gets |h^′(x)|^ρ ≤ |h^′(x)| for ρ ≥ 1, |h^′(x)|^ρ ≤ b^{ρ−1}|h^′(x)| |h(x)|^{β(ρ−1)} for ρ < 1. (28) Then, with the change of variables u := h(x), we deal with

I(ρ) := 1 for ρ ≥ 1, I(ρ) := b^{ρ−1} ∫ I |u^{β(ρ−1)}|du for ρ < 1, (29) and since the integral I(ρ) is convergent for ρ = ℜ(s) > 1 − (1/β), we obtain, for ρ = ℜ(s) > 1 − (1/β) ∑ h∈H ∫ J_h Ch^′(x)|^ρ dx ≤ I(ρ). (30)

Moreover, with (27), and (p3), ∑ h∈H δ^ρ_h ≤ d^ρ ℓ_1

I(ρ). (31)

Remark 5. There exist sufficient conditions that entail property (p4), provided that (p6) holds. We cite here such a condition, due to Rychlik [21], and described in [4], namely property (p7), that deals with the partition P_n relative to the iterate T^n and the set P_n(J) of intervals I of P_n for which |I ∩ J| > 0. (p7) There exist n_0 ≥ 1, ε > 0 and r ∈ [0, 1[ such that, for any interval J with length |J| < ε, then ∑ h∈P_n(J) δh ≤ r. Proposition 1. For α ∈]0, 1], both dynamical systems S_α satisfy conditions (p0), (p1), (p2), (p3), (p5). Furthermore, there exists α_0 ≥ 0 such that both dynamical systems S_α satisfy condition (p4) on the range α ≥ α_0. One can choose α_0 = 0.119. On the other side, both dynamical systems S_α satisfy condition (p4) for any rational α ∈]0, 1]. Proof. The LFT’s h of H satisfy |h^′(x)| = |h(x)|^2, |h^′(x)| ≤ 1, |h^{′′}(x)| = 2|h^′(x)|^{3/2} ≤ 2|h^′(x)|, and properties (p0) and (p2) are fulfilled. Property (p1) is satisfied provided that 0 < α < 1. However, for α = 1, the iterate T^2 satisfies property (p1). The situation is quite different for α = 0, since there is an indifferent fixed point at x = 1: there does not exist any iterate of T that satisfies property (p1). Since the dynamical system S_α has only at most two incomplete branches, the set T (P) has only four elements α, α − 1, T (α), T (α − 1). The set T^n(P) has a finite cardinality –at most equal to |T (P)|^n–, and the quantity ℓ_n defined as ℓ_n := inf{|J_h|, h ∈ H^n, |J_h| > 0} is strictly positive. Then Property (p3) is satisfied. When proving Property (p5), we use two main properties:

(q1) The set {h(0), h ∈ H^⋆} coincides with I ∩ Q. It is then dense in I, and any open set W contains a rational, namely, some x = h_0(0) relative to some inverse branch h_0 of depth k. Then, for any open set W , there exist some open set U that contains 0, and some integer k ≥ 1 for which T^{−k}(U ) is contained in W . (q2) For any open set V , and for any n ≥ 1, the set T^{−n}(V ) contains points that are arbitrarily near to 0. Then, for any open set U that contains 0, the set T^{−n}(V ) ∩ U is not empty. Finally, for any pair (V, W ) of open sets, the set T^{−k}(T^{−n}(V ) ∩ U ) is not empty, and, for any n ≥ 1, ∅ ≠ T^{−k}(T^{−n}(V ) ∩ U ) = T^{−(k+n)}(V ) ∩ T^{−k}(U ) ⊂ T^{−(k+n)}(V ) ∩ W, so that the dynamical system S_α is topologically mixing.

We now prove that system S_α satisfies property (p7) when α belongs to the range [α_0, 1]. We first work with fundamental intervals of depth 1 (i.e., with the initial partition P = P_1). We consider a finite partition K of interval I_α formed with a central interval I^{[c]} that gathers all fundamental intervals corresponding to set H^{[c]} of LFT’s h relative to a digit q > q_0 and the other fundamental intervals that are unchanged. If we let ε := (1/2) min{|K|, K ∈ K}, then any interval J of length at most ε meets at most two intervals of K. If we choose q_0 ≥ 7, the contribution brought by the central interval is at most 1/3 and the maximal contribution is given by the right two extremal intervals (if α is near 1) or by the left two extremal intervals when α is near 0. Then, if α belongs to the range [α_0, α_1] with α_0, α_1 respective solutions of equations (1 − α)^2 + 1 (2 + α)^2

= 1, α^2 + 1 (1 + α)^2

= 1,

Property (p7) is fulfilled in this range. We find α_0 ≈ 0.119, α_1 ≈ 0.839.

We now “fill” the gap [α_1, 1], and we work with fundamental intervals of depth 2 (i.e., with the partition P_2). With a refinement of the previous argument, we can prove that Property (p7) is also satisfied in the range [α_1, 1]. With the fundamental intervals of depth 2, we build a finite partition by gathering some of these fundamental intervals. Then, since the maximal contribution is given by the two fundamental intervals relative to digits (1, 1) and (1, 2) (that are furthermore contiguous), the condition becomes 1 (1 + α)^2 + 1 (2 + α)^2 < 1, which is always true for α in the range [α_1, 1].

We have used the fact that the second iterate T^2 of T has stronger expansions properties than T , when α is near 1. We could try to use also this iterate T^2 when α is near 0. However, when α is near 0, the presence of a near indifferent point for T entails that T^2 has almost the same expansions properties as T . Even if the value α_0 appears just through the method, (and not in the actual world), we don’t know how to deal with the range ]0, α_0]. We come back to this question in the conclusion.

On the otherside, rational values of α lead to Markovian systems for which (p4) is always true.

In the sequel of this Section, we deal with a general dynamical system that satisfies properties (p0), (p1), (p2), (p3), (p4), (p5). We shall prove the following two facts, without using properties (p4), (p5): We first show that the operator H_{2s} is analytic near s = 1 (Proposition 2), then we evaluate its essential spectrum when s = 1 (Proposition 3). Then, we use property (p4) when proving in Proposition 4 that the density transformer H = H_2 has an eigenvalue equal to 1, and we make use of Property (p5) when proving the unicity of the dominant eigenvalue. All these results together entail Theorem 2, where we prove that the quasi-inverse (I − H_{2s})^{−1} fulfills the hypotheses of the Tauberian Theorem near s = 1.

5.2. Functions with bounded variation. We cannot use the same arguments than in previous works of dynamical analysis where it is made a deep use of compacity of the Ruelle operator on a space of analytic functions. We cannot work on such functional spaces because, generally speaking, the transform H_s[f] of a continuous function f by H_s is not continuous. This is due to the discontinuities brought by the incomplete branches. We have to work in a larger functional space, and a classical space in this case is the space of functions with bounded variation. The variation ⋁_b a f of a function f on the interval [a, b] is defined by b⋁ a f = sup_{π∈Q} n∑ i=1 |f(x_i) − f(x_{i−1})|, where Q is the set of finite partitions π of the form a = x_0 < x_1 < . . . < x_n = b. The space of functions with bounded variation on the interval I is denoted by BV (I). Equipped with the norm ||.||_{BV} defined by ||f||_{BV} = ⋁ I f + ||f||_1, this space is a Banach space, dense in L^1.

We first recall classical results on variation that will be used in the proof. Let f, g be functions of bounded variation, and [a, b] an interval. Then, variation fulfills the main seven properties: (i) b⋁ a (f + g) ≤ b⋁ a f + b⋁ a g, (ii) b⋁ a f + c⋁ b f = c⋁ a f, (iii) b⋁ a (f ∘ g) = d⋁ c f, if g([a, b]) = [c, d],

(iv) b⋁ a |fg| ≤ sup_{[a,b]} |g| b⋁ a |f| + sup_{[a,b]} |f| b⋁ a |g|

(v) b⋁ a |f|1_{[c,d]} ≤ 2 d⋁ c |f| + 2 sup_{[c,d]} |f| for [c, d] ⊂ [a, b]

(vi)||f||_∞ ≤ b⋁ a |f| + 1 b − a ||f||_1, (vii) b⋁ a |f| = ∫_b a |f^′(x)|dx for f ∈ C^1.

Proposition 2. Let a dynamical system S satisfy (p0), (p1), (p2), (p3). Then, for ℜ(s) > 1 − (1/β), the Ruelle operator H_{2s} relative to dynamical system S acts on the space BV (I) and is analytic. Proof. For f ∈ BV (I), one has ||H_{2s}[f]||_1 ≤ ∑ h∈H ∫ I |h^{′s}(x) f ∘ h(x) 1_{Jh} (x)|dx ≤ ∑ h∈H ∫ J_h |h^′(x)|^ρ |f ∘ h(x)| dx,

and, with (30) and (vi), one obtains ||H_{2s}[f]||_1 ≤ I(ρ)||f||_∞ ≤ I(ρ) ||f||_{BV} . (32) The variation of H_{2s}[f] satisfies ⋁ I H_{2s}[f] = ⋁ I ∑ h∈H h^{′s} f ∘ h 1_{Jh} ≤ ∑ h∈H ⋁ I |h^{′ρ} f ∘ h 1_{Jh} |.

When applying (v) and (iv) in each term of the sum, one obtains ⋁ I H_s[f] ≤ A + B + C with A = ∑ h∈H A_h, B = ∑ h∈H B_h, C = ∑ h∈H C_h,

and A_h = δ^ρ_h ⋁ J_h |f ∘ h|, B_h = 4δ^ρ_h sup_{Ih} |f|, C_h = sup_{Ih} |f| ⋁ J_h |h^{′ρ}|. Now, with (iii), (ii) and Property (p1), one gets A_h ≤ γ^ρ ⋁ I_h |f| so that A ≤ γ ρ ⋁ I |f|. For quantity C_h, we use (vii) and notice that (p2) and (p0) entail |h^{′ρ}|^′ = |s||h^{′′}||h^′|^{ρ−1} ≤ cρ |h^′|^ρ. Now, we use (30) for C_h, and (31) for B_h, and we get ⋁ I H_{2s}[f] ≤ [γ^ρ + (4 d^ρ ℓ_1 + cρ)I(ρ)] ||f||_{BV} . Finally, with (32), the operator H_{2s} acts on BV (I).

The derivative of the operator H_{2s} (with respect to s) equals G_{2s} with

G_{2s}[f](x) = ∑ h∈H |h^′(x)|^s log |h^′(x)| f ∘ h(x) 1_{Jh} (x). In the same vein as previously, we now use the fact that (|h^{′ρ}| log |h^′|)^′ ≤ |h^{′ρ}| |h^{′′}| |h^′| + |s||h^{′′}||h^′|^{ρ−1} | log |h^′|| ≤ c (|ρ| + | log |h^′||) |h^′|^ρ, and thus deal with the integral J(ρ) = ∫ I_α |u^{β(ρ−1)}| log |u|du, that is convergent for ℜ(s) ≥ 1 − (1/β). Then, in this domain, the mapping s → H_{2s} is analytic.

5.3. Sufficient conditions for quasi-compacity. Here, we cannot expect that the transfer operator be compact on BV (I). However, there exists a nice class of operators that will replace compact operators for our purpose, namely the quasi–compact operators. The compact operators are useful because their spectrum consists (except perhaps at zero) of isolated eigenvalues of finite multiplicity (which can accumulate at 0). For any operator L, the spectral radius R(L) is the supremum of moduli |λ| when λ is an element of Sp(L), and the essential spectral radius R_e(L) is the smallest positive number r such that any eigenvalue λ of Sp(L) with modulus |λ| > r is an isolated eigenvalue of finite multiplicity. For compact operators, the essential radius equals 0. An operator L is quasi-compact if the strict inequality R_e(L) < R(L) holds. Then, except for the spectrum inside of the the closed disk of radius R_e(L), the operator behaves just like a compact operator (in the sense that its spectrum consists of isolated eigenvalues of finite multiplicity). The following theorem, due to Hennion [11] is a generalisation of previous theorems due to Ionescu-Tulcea and Marinescu, or Lasota-Yorke. It gives sufficient conditions that entail quasi–compacity. When using important properties of the space BV (I) with respect to space L^1 –namely, the fact that the unit ball of BV (I) is precompact in L^1–, we can adapt this theorem to our context and obtain the following statement: Theorem [Hennion, Ionescu-Tulcea and Marinescu, Lasota-Yorke]. Let L be a bounded operator on L^1. Assume that there exist two sequences {r_n} and {t_n} of positive numbers such that, for all n ≥ 1, one has ||L^n[f]||_{BV} ≤ r_n ||f||_{BV} + t_n ||f||_1. (33) Then, the operator L is bounded on BV (I) and its essential spectral radius satisfies

R_e(L) ≤ r := lim_{n→∞} inf (r_n)^{1/n}.

If, moreover, the spectral radius R(L) satisfies R(L) > r, then the operator L is quasi-compact.

5.4. Essential radius of the transfer operator relative to a nice dynamical system. Here, we prove that the density transformer H = H_2 relative to a nice dynamical system satisfies Inequality (33) of Hennion’s Theorem. Then, we get an upper bound for the essential radius.

Proposition 3. Let S be a dynamical system that satisfies (p1), (p2), (p3). Then, the density transformer H satisfies the inequality (33) of Hennion’s theorem,

||H^n[f]||_{BV} ≤ r_n ||f||_{BV} + t_n ||f||_1, with r_n = 2γ^n and t_n = 2 ( c 1 − γ + 1 ℓ_n ) + 1.

Then, the essential radius R_e(H) of H on BV (I) satisfies R_e(H) ≤ γ.

Proof. For proving this inequality, we follow the lines of Collet [5] and Lasota-Mackey [15] that we adapt in the more general context of an infinite partition. We need some variations of (iv) and (v) that relate the variation and the norm ||.||_1. (iv^′) b⋁ a |fg| ≤ sup_{[a,b]} |g| b⋁ a |f| + ∫_b a |f(x)g^′(x)|dx

(v^′) b⋁ a |f|1_{[c,d]} ≤ 2 d⋁ c f + 2 d − c ∫_d c |f(x)|dx for [c, d] ⊂ [a, b] One has ||H[f]||_1 ≤ ∑ h∈H ∫ I |h^′(x) f ∘ h(x) 1_{Jh} (x)|dx, and, using the change of variables u := h(x), one obtains ||H[f]||_1 ≤ ∑ h∈H ∫ I_h |f(u)|du = ||f||_1. (34)

We compute the variation of H^n[f] when f belongs to BV (I), n ≥ 1. With (i), one has, ⋁ I H^n[f] = ⋁ I ∑ h∈H^n h^{′s} f ∘ h 1_{Jh} ≤ ∑ h∈H^n ⋁ I |h^′ f ∘ h 1_{Jh} |. When applying (v^′) and (iv^′) in each term of the sum, one obtains ⋁ I H^n_s [f] ≤ A + B + C with A = ∑ h∈H^n A_h, B = ∑ h∈H^n B_h, C = ∑ h∈H^n C_h,

and A_h = 2 sup_{Jh} |h^′| ⋁ J_h |f ∘ h|, B_h = 2 ∫ J_h |h^{′′}(x)| |f ∘ h(x)|dx, C_h = 2 |J_h| ∫ J_h |h^′(x)| |f ∘ h(x)|dx. Now, with (iii), (ii) and Property (p1), one gets A_h ≤ 2γ^n ⋁ I_h |f| so that A ≤ 2γ^n ⋁ I |f|. (35) Notice that (p2) entails that |h^{′′}| ≤ c_n|h^′|. Furthermore, from (p3),

B_h + C_h ≤ 2(c_n + 1 ℓ_n ) ∫ J_h |h^′(x)| |f ∘ h(x)|dx. Now, when using the change of variables u = h(x), summing over h and using (ii), one obtains

B + C ≤ 2 (c_n + 1 ℓ_n ) ||f||_1. (36) With (35, 36, 34), the inequality (33) is proven.

5.5. Spectral radius of the density transformer. We now focus on the density transformer H = H_2 and we show the existence of an invariant density of bounded variation.

Proposition 4. A dynamical system that satisfies (p1), (p2), (p4) admits an invariant density of bounded variation. The spectral radius R(H) of the density transformer on BV (I) equals 1. Proof. We consider the sequence of functions H^n[1_I]. The variation ⋁ I H^n[1_I] satisfies ⋁ I H^n[1_I ] ≤ ⋁ I ∑ h∈H^n |h^′| 1_{Jh} ≤ ∑ h∈H^n ⋁ I |h^′| 1_{Jh} . Then, with (v), one gets, in the same vein as previously, ⋁ I H^n[1_I] ≤ 2 (A_n + D_n) with A_n := ∑ h∈H^n a_h, and a_h := ⋁ J_h |h^′|. The sequence D_n is bounded via Property (p4). Moreover, with expansion and distortion properties (p1), (p2) a_h ≤ ∫ J_h |h^{′′}(x)|dx ≤ c_n|I_h|, so that A_n ≤ c_n ≤ c 1 − γ . Finally, the set {H^n[1_I]} is a bounded set of BV (I). The same applies to the set

F := { f_n = 1 n n∑ j=0 H^j [1_I] }.

By Helly’s Theorem, there exists a subsequence of F that converges in L^1 to a function f^∗ of BV (I). Since each element of F is a density, the limit f^∗ is a density too. Moreover, it is clear that f^∗ satisfies H[f^∗] = f^∗, so that f^∗ is an invariant density of H that belongs to BV (I).

Since H is a density transformer, its spectral radius on L^1 equals 1, and thus, the spectral radius R(H) of H on BV (I) satisfies R(H) ≤ 1. The previous result entails that R(H) ≥ 1, and thus finally the spectral radius of H on BV (I) satisfies R(H) = 1.

5.6. Unicity of the dominant eigenvalue. Since the essential radius and the spectral radius of the density transformer H satisfy R_e(H) ≤ γ < R(H) = 1, the density transformer H is quasi–compact when acting on BV (I). We shall prove now that the eigenvalue λ = 1 is a unique dominant eigenvalue by using Property (p5) and a classical result that can be found for instance in [2].

Property. Consider a dynamical system for which the density transformer H is quasi–compact, and has an invariant density on BV (I). If, moreover, the dynamical system is topologically mixing, then the eigenvalue λ = 1 is simple, and there exists no other eigenvalue of modulus 1. The eigenvalue λ = 1 is said to be the unique dominant eigenvalue.

5.7. Behaviour of the operator H_{2s} on a neighbourhood of s = 1 Both facts –quasi-compacity of the operator H, together with the unicity of the dominant eigenvalue– entail the existence of a spectral gap between the dominant eigenvalue λ = 1 and the remainder of the spectrum. Thanks to the analyticity of the operator H_{2s} at s = 1 (Proposition 2), perturbation theory [14] applies to this case, and the existence of this spectral gap remains true in a neighbourhood of s = 1.

The dominant eigenvalue is thus isolated and defines in the neighbourhood of s = 1 an analytic function s → λ(2s). The operator can be splitted into two parts : the part relative to the dominant eigensubspace, and the part relative to remainder of the spectrum. Then, the following decomposition holds (near s = 1), for any f ∈ BV (I), H_{2s}[f](z) = λ(2s)P_{2s}[f](z) + N_s[f](z),

where λ(2s) is the dominant eigenvalue, P_{2s} is the projection on the dominant eigensubspace and N_{2s} is the operator relative to the remainder of the spectrum. The projector P_{2s} is of the form P_{2s}[f](z) = ψ_{2s}(z)E_{2s}[f], where ψ_{2s} is the dominant eigenfunction normalized by E_{2s}[ψ_{2s}] = 1. The decomposition is also valid for the iterates, H^k_{2s}[f](z) = λ^k(2s)P_{2s}[f](z) + N^k_{2s}[f](z), (37)

and leads to a decomposition for the quasi-inverse

(I − H_{2s})^{−1}[f](x) = λ(2s) 1 − λ(2s) P_{2s}[f](x) + (I − N_{2s})^{−1}[f](x), (38)

valid on a neighbourhood of s = 1. There, the spectral radius R(N_{2s}) is strictly less than δ < 1, so that the operator (I − N_{2s})^{−1} is analytic.

At s = 1 the operator H_{2s} is a density transformer, so that λ(2) = 1 and the eigenvector ψ_2 is just the unique invariant density ψ. The projector E_2 satisfies

E_2[f] = ∫ I f(x)dx. Moreover, the dominant eigenvalue λ(2s) is strictly decreasing along the real axis (always near s = 1): From (37), one has, for a real s near 1 λ(2s) = lim_{k→∞}[H^k_{2s}[1](0)]^{1/k}.

On the otherside, H^k_{2s}[1](0) ≤ sup_{h∈Hk} δ^{(s−1)}_h H^k[1](0) ≤ γ^{k(s−1)}H^k[1](0).

Then, the following inequality λ(2s) ≤ γ^{(s−1)}λ(2)

entails that the derivative −2λ^′(2) is strictly positive. This quantity coincides with the entropy h(S) of the dynamical system. Finally, the first term of (38) defines a meromorphic operator with a simple pôle at s = 1. The residue involves the spectral objects at s = 1, under the form

(I − H_{2s})^{−1}[f](x) ≃ 1 (s − 1) 1 h(α) ψ(x) ∫ I f(x)dx. (39)

5.8. Spectral properties of H_{2s} on the line ℜ(s) = 1. We prove now that the operator (I − H_{2s})^{−1} is analytic on the line ℜ(s) = 1, s ≠ 1.

Proposition 5. For ℜ(s) = 1, s ≠ 1, all the eigenvalues of the Ruelle operator H_{2s} relative to dynamical system S_α have a modulus strictly less than 1.

Proof. Let λ be an eigenvalue of H_{2+2it} and let f denote an eigenfunction relative to λ. Let f_0 denote an eigenfunction of H_2 relative to 1. As it is proven in [2] or in [4], such a function can be chosen as a lower semi–continuous function so that f_0(x) ≥ a > 0 for some a and all x ∈ I. Moreover, the function f(x)/f_0(x) can be supposed to be of modulus at most 1 on I and attain modulus 1 at point x_0. One always has

|λ f(x_0)| = |H_{2+it}[f](x_0)| = | ∑ h∈H h^′(x_0)^{1+it} f ∘ h(x_0)| (40)

≤ | ∑ h∈H |h^′(x_0)| |f ∘ h(x_0)| 1_{Jh} (x_0) ≤ ∑ h∈H |h^′(x_0)| f_0 ∘ h(x_0)1_{Jh} (x_0) = f_0(x_0), (41)

and the definition of x_0 proves the inequality |λ| ≤ 1. Suppose now that the equality |λ| = 1 holds. Then the sequence of previous inequalities (40), (41) becomes a sequence of equalities. For any h ∈ H for which x_0 belongs to J_h, the equality |f ∘ h(x_0)| = f_0 ∘ h(x_0) (42)

holds. On the other side, the sequence a_h := |h^′(x_0)|f ∘ h(x_0)1_{Jh} (x_0) satisfies the equality | ∑ a_h| = ∑ |a_h|. Then, there exists θ (of modulus 1) such that a_h = θ|a_h| for any h, and the relation, valid for all h for which x_0 belongs to J_h f ∘ h(x_0) |h^′(x_0)|^{it} = θ |f ∘ h(x_0)| (43)

holds. For any x_0 ∈ I, the set {h(x_0), h ∈ H} contains the sequence {1/(m + x_0), m ≥ m_0}. This sequence has 0 as limit, so that equality (42) proves that lim_{x→0} |f(x)| = lim_{x→0} f_0(x) ≠ 0. Now, the relation (43) shows that the sequence ( 1 m + x_0 )^{it} has a limit equal to θ when m → ∞, which can be only true for t = 0.

5.9. Conclusion of Section 5. Properties of the quasi inverse (I − H_s)^{−1}. We now state the main results of this Section.

Theorem 2. Consider any real α ≥ α_0 with α_0 ∼ 0.12 or any rational of ]0, 1]. Then the Ruelle operator H_s : BV (I) → BV (I) associated to the dynamical system S_α is analytic on the right hyperplane {s, ℜ(s) > 1}. The quasi-inverse (I − H_s)^{−1} is analytic on the punctured half–plane {ℜ(s) ≥ 2, s ≠ 2}. Moreover, near s = 2, one has:

(I − H_s)^{−1}[f](x) ≃ 2 (s − 2) 1 h(α) ψ^{[α]}(x) ∫ I_α f(x)dx. (44) Here, h(α) denotes the entropy of S_α, and ψ^{[α]} is the invariant density.

In the following section, we shall come back to Dirichlet series F (s) and G_X (s) that are involved in the analysis of Euclidean algorithms, and prove that Tauberian theorem applies to these functions.

6 Average–case analysis of the E_α algorithms.

Now, we conclude the analysis of the E_α algorithms, and we state our main results.

6.1. The first main result. We know from Theorem 2 of Section 5 that Tauberian theorem applies to the quasi-inverse (I − H_{2s})^{−1} and thus to the functions F (s) and G_X (s) defined in (19) and (20). We now insist on the computations of the constants that are involved.

Consider first the parameter X = p that denotes the number of iterations of the algorithm. The Dirichlet series G_p(s) has a double pole at s = 2, and near s = 2, F (s) ∼ 2 h(α) ψ(0) (s − 2) , G_p(s) ∼ ( 2 h(α) )_2 ψ(0) (s − 2)^2 . Then, Tauberian theorem implies the first result. In the same vein, the Dirichlet series G_C(s) has a pole of order 3 at s = 2 and satisfies near s = 2 G_C(s) ∼ ψ(0) (s − 2)^3 ( 2 h(α) )_3 (∫ I_α H^{[c]}[ψ](t)dt ) (∫ I_α ΔH[ψ](t)dt ) . The first integral is related to the mean value of cost c, defined in (15) via the relation ∫ I_α H^{[c]}[ψ](t)dt = ∑ h∈H c(h) ∫ I_h ψ(t)dt = E_α[c]. The second one involves ΔH := ΔH_{2s}|_{s=1} and is expressed in terms of entropy via the relation

h(α) = 2 log 2 ∫ I_α ΔH[ψ](t)dt. With these relations and Tauberian Theorem, we compute the constants involved, and we then obtain our main result:

Theorem 3. Let α_0 ≈ 0.119 be the root of the equation

(1 − α)^2 + 1 (2 + α)^2

= 1.

Consider any real α of ]α_0, 1], or any rational of ]0, 1]. The average number of iterations of the α–Euclidean algorithm on the set of valid inputs of denominator less than N is asymptotically of log order

P̃_N (α) ∼ P_N (α) ∼ 2 h(α) log N, and involves the entropy h(α) of the dynamical system S_α. The average bit-complexity of the α–Euclidean algorithm on the set of valid inputs of denominator less than N is asymptotically of log–squared order C̃_N (α) ∼ C_N (α) ∼ Γ(α) log^2 N

where the constant Γ(α) = log 2 h(α) E_α[c]

involves the entropy h(α) together with the mean value E_α[c] of digit–cost c when the interval I_α is endowed with the invariant measure ψ^{[α]}. More precisely, the cost c(m) relative to m = [q, ε] equals ℓ(q)+2+(1−ε)/2 where ℓ(q) is the number of bits of digit q, and ε = ±1 the sign used.

The mean value E_α[c] of digit–cost c can be easily obtained from the expression of cost c given in (8) together with E_α[ℓ] and Pr_α[ε = −1] which are studied in Section 3,

E_α[c] = E_α[ℓ] + 2 + E_α[ 1 − ε 2 ] = E_α[ℓ] + 2 + Pr_α [ε = −1].

In the center range and the right range, the invariant density ψ^{[α]} is explicit, so the entropy h(α) and the probability Pr_α[ε = −1] are explicit too and given by (14) and (17). We also provide in (16) a formula for the mean value E_α[ℓ] when α belongs to family M that gives rise to some particular markovian systems.

6.2. The particular case α = 0. The Euclidean algorithm relative to the case α = 0 is related to the By-Excess division; It is quite particular and the number of steps has already been studied by Vallée [24]. We extend the method for studying the average–bit complexity.

Theorem 4. The average number of iterations of the Euclidean algorithm relative to the By-Excess division on the set of valid inputs of denominator less than N is asymptotically of log–squared order

P̃_N (0) ∼ P_N (0) ∼ 6 π^2 log^2 N.

The average bit-complexity of the Euclidean algorithm relative to the By-Excess division on the set of valid inputs of denominator less than N is asymptotically of log^3 order

C̃_N (0) ∼ C_N (0) ∼ 9 log^3 2 π^2 log^3_2 N.

Proof. The main difference comes from the Euclidean division itself. Now, with By-Excess division, any rational can be written as (u/v) = h(1), and the stopping point is x = 1. This point x = 1 is also an indifferent point, i.e., a fixed point where the derivative equals 1 (in absolute value). The inverse branch a that contains this point is relative to digit 2. Thus, the dynamical system S_0 does not satisfy any more the expansion property (p1), and no iterate of T satisfies (p1). It is easy to check that function ψ(x) = 1/(1 − x) is an invariant function for the density transformer that does not belong to L^1.

However, one can adapt here the notion of “induced” dynamical system, introduced by Bowen [3]. Since 1 is a fixed point, any rational (u/v) can be written as h(1), where the LFT h does not finish with branch a. Then, the Euclidean algorithm relative to By-Excess division uses only the LFT’s that belong to the set (a^⋆B)^⋆, with B = H \ {a}. If A_s and B_s denote the transfer operators relative to sets {a} and B, we introduce the “induced” transfer operator ~H_s ~H_s := ∑ k≥0 B_s A^k_s = B_s(I − A_s)^{−1} with H_s = A_s + B_s.

When s = 2, the function ϕ = B_2[ψ] = (H_2 − A_2)[ψ] = (I − A_2)[ψ] = 1/(2 − x) is an invariant density for ~H_2, and the induced dynamical system ~S satisfies the expansion property (p1). Then, its entropy ~h is well-defined, and ~h = π^2 3 log 2 . Now, this is the quasi-inverse (I − ~H_s)^{−1} that plays a fundamental rôle since Dirichlet series F (s), G_X (s) admit alternative expressions where this quasi–inverse intervenes. First,

F (s) = (I − ~H_s)^{−1}[1](1).

We introduce another transfer operator where the variable w marks the number of iterations, as ~H_{s,w} = ∑ k≥0 w^{k+1} B_s A^k_s so that G_p(s) = d dw (I − ~H_{s,w})^{−1}|_{w=1}[1](1),

Then, when using the equality d dw ~H_{s,w}|_{w=1} = B_s (I − A_s)^{−2} = ~H_s (I − A_s)^{−1}, one obtains an alternative expression for G_p(s),

G_p(s) = (I − ~H_s)^{−1} ∘ ~H_s ∘ (I − A_s)^{−1} ∘ (I − ~H_s)^{−1}[1](1).

The quasi-inverse (I − ~H_s)^{−1} has now “good” properties near s = 2. On the otherside, since ∫_1 0 (I − A_s)^{−1}[ 1 2 − x ]dx ∼ ζ(s − 1) (s → 2), the central term (I − A_s)^{−1} creates another pole (of order 1) at s = 2. Then, the Dirichlet series G_p(s) has a pole of order 3 at s = 2.

For the cost C, it is clear the dominant cost is provided by “bad” steps. Each bad step has a cost equal to 3 log_2(v_i) since it consists in a subtraction and one exchange. Then the Dirichlet series G_C (s) has its main term that satisfies G_C (s) = 3 Δ(I − ~H_s)^{−1} ∘ (I − A_s)^{−1} ∘ (I − ~H_s)^{−1}[1](1) = 3 (I − ~H_s)^{−1} ∘ Δ ~H_s ∘ (I − ~H_s)^{−1} ∘ (I − A_s)^{−1} ∘ (I − ~H_s)^{−1}[1](1).

As previously, the quasi-inverse (I − ~H_s)^{−1} has now “good” properties near s = 2, whereas the central term (I − A_s)^{−1} creates another pole (of order 1) at s = 2. Then, the Dirichlet series G_C (s) has a pole of order 4 at s = 2.

In both cases, the constants involve the entropy ~h, and the residue at s = 2 of ζ(s − 1).

6.3. When α belongs to ]0, α_0]. As we said in Section 5.1, the value α_0 appears in our computations, as a root of the equation (1 − α)^2 + 1 (2 + α)^2

= 1.

However, we don’t think that there exists any change of dynamical system S_α at α = α_0. On the contrary, we state the following conjecture:

Conjecture. Theorem 3 holds for any α > 0.

Preliminary investigations show that it is perhaps possible to use the induced operator not only for α = 0, but also for α near 0.

Acknowledgements. We wish to thank Pierre Moussa for interesting discussions about Japanese continued fractions, and Viviane Baladi for answering all our questions about transfer operators.

References

[1] Akhavi, A., Vallée, B. Average bit–complexity of Euclidean Algorithms, Proceedings of ICALP’2000, LNCS 1853, pp 373–387 [2] Baladi, V. Positive Transfer operators and decay of correlations, Advanced Series in non linear dynamics, vol 16, World Scientific (2000).

[3] Bowen, R. Invariant measures for Markov maps of the interval, Commun. Math. Phys. 69 (1979) 1–17. [4] Boyarsky, A. and Gora, P. Laws of Chaos, Invariant measures and dynamical systems in one dimension, Probability and its applications, Birkhauser (1997) [5] Collet, P. Some ergodic properties of maps of the interval, Dynamical systems, Proceedings of the first UNESCO CIMPA School on Dynamical and Disordered Systems (Temuco, Chile, 1991), Hermann (1996)

[6] Delange, H. Généralisation du Théorème d’Ikehara, Ann. Sc. ENS, (1954) 71, pp 213–242. [7] Dixon, J. D. The number of steps in the Euclidean algorithm, Journal of Number Theory 2 (1970), 414–422.

[8] Flajolet, P. Analytic analysis of algorithms, Proceedings of the 19th International Colloquium “Automata, Languages and Programming”, Vienna, July 1992 , W. Kuich, editor, Lecture Notes in Computer Science 623, pp 186–210 [9] Flajolet, P. and Sedgewick, R. Analytic Combinatorics, Book in preparation (1999), see also INRIA Research Reports 1888, 2026, 2376, 2956.

[10] Heilbronn, H. On the average length of a class of continued fractions, Number Theory and Analysis, ed. by P. Turan, New-York, Plenum, 1969, pp 87-96.

[11] Hennion H. Sur un théorème spectral et son application aux noyaux lipschitziens, Proc. Amer. Math.

Soc. 118 (1993) pp 627–634 [12] Hensley, D. The number of steps in the Euclidean algorithm, Journal of Number Theory 49, 2 (1994), 142–182.

[13] Ito, S. and Tanaka, S. On a family of continued fraction transformations and their ergodic properties Tokyo J. Math 4 (1981) pp 153–175.

[14] Kato, T. Perturbation Theory for Linear Operators, Springer-Verlag (1980). [15] Lasota, A. and Mackey, M. Chaos, Fractals and Noise; Stochastic Aspects of Dynamics, Applied Mathematical Science 97, Springer (1994) [16] Moussa, P., Cassa, A. and Marmi, S., Continued Fractions and Brjno functions, Journal of Computational and Applied Mathematics 105 (1999) pp 403–415.

[17] Nakada, H. Metrical Theory for a Class of Continued Fraction Transformations and Their Natural Extensions, Tokyo J. Math., 4 (2) (1981) pp. 399–426.

[18] Rieger, G. J. Uber die mittlere Schrittazahl bei Divisionalgorithmen, Math. Nachr. (1978) pp 157-180 [19] Ruelle, D. Thermodynamic formalism, Addison Wesley (1978) [20] Ruelle, D. Dynamical Zeta Functions for Piecewise Monotone Maps of the Interval, vol. 4 of CRM Monograph Series, American Mathematical Society, Providence (1994).

[21] Rychlik, M. R., Invariant measures and the variational principle for Lozi mappings, Thesis, University of California, Berkeley (1983) [22] Schweiger, F. Ergodic Theory of fibred systems and Metric Number Theory. Oxford Science Publications, Clarendon Press, Oxford (1995) [23] Tenenbaum, G. Introduction à la théorie analytique des nombres, vol. 13. Institut Élie Cartan, Nancy, France (1990).

[24] Vallée, B. Dynamical analysis of a class of Euclidean Algorithms., To appear in Theoretical Computer Science, Les cahiers du GREYC, Université de Caen.

[25] Vallée, B. Digits and Continuants in Euclidean Algorirthms. Ergodic Versus Tauberian Theorems, Journal de Théorie des Nombres de Bordeaux 12 (2000) pp 531–570.